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ABSTRACT
Abstract: We consider solutions of the Dullin-Gottwald-Holm equation
conserving the Sobolev norm and vanishing on open sets of their domain.
We use the norm invariance to prove that, under some conditions, if such
a solution exists, then it necessarily vanishes identically. As a particular
consequence of this fact we show that the unique compactly supported so-
lution of the equation is the identically zero. We also extend this result for
periodic initial value problems involving the same equation. Finally, as an
application of our developments, we show that weakly dissipative versions
of the Camassa-Holm and Dullin-Gottwald-Holm inherit the same property.
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1 Introduction
This work is concerned with solutions of the equation
ut − α
2utxx + 2ωux + 3uux + γuxxx = α
2(2uxuxx + uuxxx), (1.1)
with α ≥ 0 and ω, γ ∈ R, which is nowadays best known as Dullin-Gottwald-Holm (DGH)
equation after the work [8], and it includes the KdV equation [11] and the Camassa-Holm (CH)
equation [1], when α = 0 and γ = 0, respectively, as particular members.
The last two mentioned equations are notorious models in hydrodynamics for describing waves in
shallow water regimes [1, 8] and they are prototype equations in the field of integrable systems.
Although the KdV equation was derived more than a century ago [11] and is the example of inte-
grable equation, from the point of view of mathematical modelling it fails miserably at describing
wave breaking in shallow water [21, page 476], which is one of the most common and interesting
phenomena in the studies of water waves. On the other hand, the Camassa-Holm equation seems
to be a more realistic model to describe waves in water models, at least from the point of view of
wave-breaking of solutions, see [2–5, 9]. These properties are also inherited by the DGH equation,
at least whenever certain relations between the coefficients ω and γ are satisfied, see [15,19,25,26].
In addition, the DGH equation has richer types of travelling waves than the KdV equation [7].
We are interested in equation (1.1) with α 6= 0. Under a suitable scaling of the variables (in the
Section 5 we present such change), and eventually renaming the constants, we can choose α = 1
in (1.1) and this is henceforth assumed throughout this paper, but for Section 5. Most of our results
are concerned with the Cauchy problem on the real line

mt + 2ωux + umx + 2uxm = −γuxxx, t > 0, x ∈ R,
u(0, x) = u0(x), x ∈ R,
(1.2)
wherem := u−uxx is the momentum [1,8]. In (1.2) the variables t and x are regarded as time and
space in view of the physical meaning behind the equation and we shall maintain this terminology
in the manuscript.
The initial value problem (1.2) is locally well-posed provided that the initial data u0 ∈ H
s(R),
with s ≥ 3/2, see [19, Proposition 2.1]. If we add the condition m0 + ω + γ/2 ≥ 0, where
m0 := u0 − u
′′
0, not only we have ‖ux‖L∞ < K, for a certain positive constant K, but we also
extend the local well-posedness to global. In [15, Theorem 2.2], the conditions onm0 are relaxed,
but the price payed is the imposition of the condition ω + γ/2 = 0. The blow-up of the solutions
of (1.2) is also investigated in [19, Theorem 2.3] and [15, Theorem 3.1]. See also [23] for further
results about the DGH equation in the real line.
The comments above support the view that the constants ω and γ in (1.2) are relevant in the quali-
tative analysis of solutions of the problem (1.2).
In [6] Constantin proved that if a strong solution of the CH equation is compactly supported, then
it necessarily is 0, which is the same to say that, if the initial data of the Cauchy problem involving
the CH equation is not identically 0 and compactly supported, then the corresponding solution
preserve the former property, in view of the conservation of energy of its solutions, but loses the
latter property instantly. In [10] Henry gave an alternative proof of the same fact.
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As far as the author knows, the question whether the strong solutions of (1.2) are compactly sup-
ported has not been addressed so far. Therefore, our purpose in this work is to enlighten this point
and our first result in this direction is:
Theorem 1.1. Let u0 ∈ H
4(R) be an initial data of the problem (1.2), with corresponding solution
u. Ifm0(x)+ω+γ/2 has compact support, thenm(t, ·)+ω+γ/2 has the same property, whichever
t > 0 the solution exists.
It is worth mentioning that the result of Theorem 1.1 is in line with some of the results reported
in [15, 19], in the sense that the quantity ω + γ/2 plays great relevance in our analysis.
The analogous of Theorem 1.1 in the CH case is obtained when ω = γ = 0, see [10, Proposition
1] and [6, Theorem in section II].
The main result of our work can now be formulated:
Theorem 1.2. Let u0 ∈ H
4(R) be a given initial data of the Cauchy problem (1.2), u its corre-
sponding solution and T its lifespan. The following affirmations are equivalent:
1. For each t ∈ [0, T ), the function x 7→ u(t, x) + ω + γ/2 has compact support;
2. u ≡ 0 and ω + γ/2 = 0;
3. There exists a non-empty open set Ω ⊆ [0, T )× R such that u(t, x) = 0, for all (t, x) ∈ Ω,
and ω + γ/2 = 0.
To prove the implication 3 ⇒ 2 in Theorem 1.2 we borrow ideas from a very recent work by
Linares and Vega [14] about solutions of the CH equation vanishing on non-empty open sets of
the domain of the solutions, whereas the implication 1 ⇒ 2 is influenced by the works [6, 10]
regarding compactly supported solutions of the CH equation. Note that the implication 3⇒ 2 is a
unique continuation result of the solutions of the DGH: if a solution vanishes on an open set, then
this property is uniquely extended to the solution on its whole domain. Hence, the solution can be
globally defined.
Our next result is:
Theorem 1.3. Under the conditions in Theorem 1.2, if ω + γ/2 = 0 and the function x 7→ u(t, x)
has compact support, for each t ∈ [0, T ), then u ≡ 0.
The demonstration of Theorem 1.3 given in this work can be applied to the CH equation in the real
line and, actually, it is rather different of those in [6, 10].
It is well known that the study of the DGH equation with periodic initial data is somewhat fashion
and active, see [16, 25, 26]; ergo, it is natural to ask whether our results might be extended to this
case.
We recall that we can define the following equivalence relation between real numbers: x ∼ y if
and only if x − y is an integer number. Then, the quotient space R/Z ≈ [0, 1) can be identified
with the circle S (sometimes also referred as one-dimensional torus). The answer to the question
above is presented below:
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Theorem 1.4. Let u0 ∈ H
4(S) be a given initial data of the Cauchy problem

mt + 2ωux + umx + 2uxm = −γuxxx, t > 0, x ∈ R,
u(0, x) = u0(x), x ∈ R,
u(t, x+ 1) = u(t, x), t ≥ 0, x ∈ R.
(1.3)
Let u = u(t, x) be the corresponding solution of (1.3) with lifespan T > 0. If ω + γ/2 = 0 and
the function x 7→ u(t, x) is compactly supported, for each t ∈ [0, T ), then u ≡ 0.
Theorem 1.4 is actually a consequence of the following stronger result, regarding unique continua-
tion of the solutions of (1.3):
Theorem 1.5. Let u0 ∈ H
4(S) be a given initial data of the Cauchy problem (1.3), u its corre-
sponding solution with lifespan T > 0. If there exists an open set Ω 6= ∅ such that u|Ω ≡ 0, then u
vanishes identically.
This paper is organised as the follows: in the Section 2 we revisit relevant facts from the literature
to set the wheels in motion for proving technical, but essential, results and Theorem 1.1. Next,
in Section 3, we give the proof of theorems 1.2 and 1.3. In the Section 4 we prove theorems 1.4
and 1.5, while in the Section 5 we show how to extend our results to weakly dissipative models
considered in [17, 20, 22, 24]. We present a discussion of our results in the Section 6, while in
Section 7 we conclude the work.
Novelty of the work and its contributions. The first point to be mentioned is a unique contin-
uation result for both real and periodic initial value problems related to the DGH equation, given
in theorems 1.2 and 1.5, respectively. As a consequence, we show that the unique solution com-
pactly supported of these problems is the identically zero or, which is equivalent, in case these
problems have an initial data compactly supported, the solution loses the latter property instantly.
Our approach to prove the uniqueness of compactly supported solutions can be directly applied,
for instance, to the Camassa-Holm equation and it is different from those methods used in [6, 10].
Also, for the unique continuation results, not only what is done here is new considering the specific
problem, but it is also different of that reported in [14] for the Camassa-Holm equation, since in
our case we use one of the Hamiltonians of the equation (corresponding to the invariance of the
Sobolev norm) to prove a unique continuation of its solutions. A third feature of the present work
is the fact that we extend in an intrinsic way our results to some models related to both CH and
DGH equation, namely, their weakly dissipative forms.
Notation and conventions. Here we fix and introduce the notations and conventions used along
the work. By E we denote either R or S. The space of the integrable functions on E is denoted by
L1(E), while the Hilbert Sobolev space of order s is denoted by Hs(E), for each s ∈ R. If f and
g are two integrable functions, their convolution is denoted by f ∗ g. If u = u(t, x), we denote by
u0(x) the function x 7→ u(0, x), m = u − uxx and m0 = u0 − u
′′
0. Given a function u depending
on two variables, unless otherwise stated, ut and ux denotes the derivatives of u with respect to the
first and the second arguments, respectively. We recall the Helmholtz operator Λ2 = 1− ∂2x and its
inverse Λ−2 = (1−∂2x)
−1, given by Λ−2(f) = g ∗f , where g(x) = e−|x|/2 in the real case whereas
g(x) =
cosh (x− ⌊x⌋ − 1/2)
2 sinh(1/2)
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in the periodic case. Above, ⌊·⌋ denotes the greatest integer function. The set of continuous and
bounded functions is denoted by C0b .
2 Proof of Theorem 1.1 and technical results
We begin with some known facts from the literature and then prove technical results that will be of
great importance to pursue our goals.
Lemma 2.1. (LOCAL WELL-POSEDNESS). Given u0 ∈ H
s(E), s > 3/2, there exists a maximal
time T > 0, and a unique solution u to the problem (1.2) such that u ∈ C0 ([0, T );Hs(E)) ∩
C1 ([0, T );Hs−1(E)). Moreover, such solution is continuously dependent on the initial data.
The proof of Lemma 2.1 in the real case can be found in [19, Proposition 2.1]. For the periodic
case, see [25, Theorem 2.1], [26, Theorem 2.1] and references thereof. In [16] a similar result is
proved, but assuming that u0 ∈ C
1(S), which implies u ∈ C0 ([0, T );C1(S) ∩ C1 ([0, T );C0(S)).
Lemma 2.1 will be of vital importance to prove theorems 1.1–1.5. Now we present results that
will be helpful in the demonstrations of theorems 1.1 and 1.2 and, for this reason, henceforth in the
remaining of this section we only consider the real case.
Lemma 2.2. ( [15, LEMMA 2.3], [19]) Assume that u0 ∈ H
s(R), s > 3/2 be an initial data of
the problem (1.2), u its corresponding solution, T > 0 the lifespan of u andm = u− uxx. Then
m0(x) + ω +
γ
2
=
(
m(t, q(t, x)) + ω +
γ
2
)
qx(t, x)
2, (t, x) ∈ [0, T )× R, (2.1)
where q(t, x) ∈ C1 ([0, T )× R,R) is the unique solution of the initial value problem

dq
dt
= u(t, q)− γ,
q(0, x) = x.
Moreover, for each t ∈ [0, T ), the function q(t, ·) is an increasing diffeomorfism of the line, satisfy-
ing
qx(t, x) = exp
(∫ t
0
ux(s, q(t, s))ds
)
> 0.
We are in conditions to prove Theorem 1.1 right now.
Proof of Theorem 1.1. Let u0 ∈ H
4(R) be an initial data of the problem (1.2), u its corresponding
solution and m = u − uxx. Assume that m0 + ω + γ/2 is supported in the interval [a, b]. In
particular,m0(z) + ω + γ/2 = 0, provided that z ≤ a or z ≥ b.
By Lemma 2.2, q(t, ·) is an increasing diffeomorphism. Consequently, from (2.1) we conclude that
m(t, q(t, z)) + ω + γ/2 vanishes, whether z ≤ a or z ≥ b, which implies that m(t, ·) + ω + γ/2
has its support in the interval [q(t, a), q(t, b)]. 
Proposition 2.1. Let u ∈ C2(R)∩H2(R) be a solution of (1.2) such thatm+ω+γ/2 has compact
support. Then u+ ω + γ/2 has compact support if and only if∫
R
e±x
[
m(t, x) + ω +
γ
2
]
dx = 0. (2.2)
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Proof. Assume that u(t, ·) be a solution of (1.2) such thatm(t, ·)+ω+γ/2 is compactly supported.
Then, there exists L > 0 such thatm(t, x) + ω + γ/2 = 0 for |x| > L.
Let us assume that u+ω+ γ/2 is compactly supported. Without loss of generality, we can assume
that L is large enough to guarantee that u(t, z) + ω + γ/2 = 0, provided that |z| > L.
Suppose firstly x > L. Then
2u(t, x) + 2ω + γ =
∫
R
e−|x−y|
[
m(t, y) + ω +
γ
2
]
dy = e−x
∫ −x
−∞
ey
[
m(t, y) + ω +
γ
2
]
︸ ︷︷ ︸
=0, since y<−L
dy
+ e−x
∫ x
−x
ey
[
m(t, y) + ω +
γ
2
]
dy + ex
∫ ∞
x
e−y
[
m(t, y) + ω +
γ
2
]
︸ ︷︷ ︸
=0, since y>L
dy.
The first and the third integrals above are evaluated in the region |y| > x. Since x > L and the
support ofm(t, ·)+ω+γ/2 is in [−L, L], these integrals vanish. Therefore, u(t, x)+ω+γ/2 = 0
with |x| > L if and only if
e−x
∫ x
−x
ey
[
m(t, y) + ω +
γ
2
]
dy = 0⇐⇒
∫ x
−x
ey
[
m(t, y) + ω +
γ
2
]
dy = 0,
and, as a consequence,∫
R
ey
[
m(t, y) + ω +
γ
2
]
dy = lim
x→∞
∫ x
−x
ey
[
m(t, y) + ω +
γ
2
]
dy = 0.
Let us now assume that x < −L. A similar calculation yields
2u(t, x) + 2ω + γ =
∫
R
e−|x−y|
[
m(t, y) + ω +
γ
2
]
dy = ex
∫ x
−∞
e−y
[
m(t, y) + ω +
γ
2
]
︸ ︷︷ ︸
=0, since y<−L
dy
+ ex
∫ −x
x
e−y
[
m(t, y) + ω +
γ
2
]
dy + ex
∫ ∞
−x
e−y
[
m(t, y) + ω +
γ
2
]
︸ ︷︷ ︸
=0, since y>L
dy.
An analogous argumentation leads to the conclusion
∫
R
e−y
[
m(t, y) + ω +
γ
2
]
dy = lim
x→∞
∫ −x
x
e−y
[
m(t, y) + ω +
γ
2
]
dy = 0.
Conversely, if m(t, ·) + ω + γ/2 has support compact, for some L > 0 we would have m(t, x) +
ω + γ/2 = 0 provided that |x| > L.
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If we assume x is larger than L, we obtain
2u(t, x) + 2ω + γ =
∫
R
e−|x−y|
[
m(t, y) + ω +
γ
2
]
dy = e−x
∫ −L
−∞
ey
[
m(t, y) + ω +
γ
2
]
︸ ︷︷ ︸
=0, since y<−L
dy
+ e−x
∫ L
−L
ey
[
m(t, y) + ω +
γ
2
]
dy + ex
∫ ∞
L
e−y
[
m(t, y) + ω +
γ
2
]
︸ ︷︷ ︸
=0, since y>L
dy,
which gives
u(t, x) + ω +
γ
2
=
1
2
e−x
∫ L
−L
ey
[
m(t, y) + ω +
γ
2
]
dy. (2.3)
A similar procedure reads, for −x > L,
u(t, x) + ω +
γ
2
=
1
2
ex
∫ L
−L
e−y
[
m(t, y) + ω +
γ
2
]
dy. (2.4)
If (2.2) holds andm(t, x) + ω + γ/2 = 0 whenever |x| > L, then∫ L
−L
e±x
[
m(t, x) + ω +
γ
2
]
dx =
∫ ∞
−∞
e±x
[
m(t, x) + ω +
γ
2
]
dx = 0.
These observations, jointly with (2.3) and (2.4), implies that u(t, x) + ω + γ/2 when |x| > L,
which concludes the proof.
The next result is a trivial and immediate consequence of Proposition 2.1, which is spotlighted due
to its crucial relevance in the proof of Theorem 1.2.
Corollary 2.1. Assuming the conditions in Proposition 2.1, we have the identity
d
dt
∫
R
e±x
[
m(t, x) + ω +
γ
2
]
dx = 0.
Let f be an integrable function with compact support. The following relations will be of great
importance in the next result: ∫
R
e±xf ′(x)dx = ∓
∫
R
e±xf(x)dx. (2.5)
Proposition 2.2. If u is a solution of (1.2) such that x 7→ u(t, x)+ω+γ/2 is compactly supported,
then
d
dt
∫
R
e±x
[
m+ ω +
γ
2
]
dx =
∫
R
e±x
[(
u+ ω +
γ
2
)2
+
u2x
2
]
dx.
Proof. Let us define u˜(t, x) := u(t, x)+ω+γ/2, for each (t, x) ∈ [0, T )×R, and m˜ = m+ω+γ/2.
Then x 7→ u(t, x)+ω+γ/2 has compact support if and only if u˜ is compactly supported. Therefore,
mt = −umx − 2uxm− γuxxx − 2ωux
8
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if and only if
m˜t = −u˜m˜x − 2u˜xm˜+
(
ω +
3
2
γ
)
u˜x −
(
ω +
3
2
γ
)
u˜xxx
= −∂x
[
3
2
u˜2 +
u˜x
2
−
(
ω +
3
2
γ
)
u˜
]
+ ∂3x
[
u˜2
2
−
(
ω +
3
2
γu˜
)]
.
(2.6)
Taking (2.6) and (2.5) into account, we obtain
d
dt
∫
R
ex
[
m+ ω +
γ
2
]
dx =
d
dt
∫
R
exm˜dx =
∫
R
exm˜tdx =
∫
R
e±x∂3x
[
u˜2
2
−
(
ω +
3
2
γu˜
)]
dx
−
∫
R
e±x∂x
[
3
2
u˜2 +
u˜x
2
−
(
ω +
3
2
γ
)
u˜
]
dx = ±
∫
R
e±x
(
u˜2 +
u˜2x
2
)
dx,
and the result is obtained noting that u˜ = u+ ω + γ/2 and u˜x = ux.
3 Proof of theorems 1.2 and 1.3
We recall that the for the DGH equation, the functional
H(t) :=
1
2
∫
R
[
u(t, x)2 + ux(t, x)
2
]
dx =
1
2
‖u(t, ·)‖2H1(R) (3.1)
is independent of time, e.g., see [8], and it reflects the conservation of energy of the solutions of
the equation. Also, by the Sobolev Embedding Theorem, see [13, p. 47] and [18, p. 317], if u ∈
Hs(R), with s > 1/2, then u is bounded, continuous, and the inequality ‖u‖L∞(R) ≤ c‖u‖Hs(R)
holds, for some c > 0.
Proposition 3.1. Assume that u0 ∈ H
s(R), s > 3/2, be an initial data of the problem (1.2),
with corresponding solution u and lifespan T > 0. If there exists some t0 ∈ [0, T ) such that
u
∣∣
{t0}×R
≡ 0, then u ≡ 0.
Proof. Let us consider the functional H given by (3.1). Its time independence means that H(t) =
H(0), for all t ∈ [0, T ). If x 7→ u(t0, ·) ≡ 0, then H(t0) = 0, that is, H(t) = 0, for any t ∈ [0, T ).
Therefore, ‖u‖L∞(R) = 0, as well as u.
Proposition 3.2. Let a and b real numbers such that a < b and S : R → R given by S(y) =
sgn (a− y)e−|a−y| − sgn (b− y)e−|b−y|. Then S ∈ L1(R) and S(y) > 0 for all y /∈ [a, b].
Proof. It is clear that S ∈ L1(R). What remains to be proved is that S(y) > 0.
Since y /∈ [a, b], we have only two possible possibilities: y < a or y > b. If y < a, then
−|a−y| > −|b−y|, e−|a−y| > e−|b−y| and both sgn (a− y) and sgn (b− y) are positive. Therefore,
−sgn (b− y)e−|b−y| > −sgn (a− y)e−|a−y|.
In the second case, we have e−|b−y| > e−|a−y| and both−sgn (a− y) and−sgn (b− y) are positive,
which lead us to the same conclusion.
Let us now prove Theorem 1.2. We would like to observe that 2⇒ 1 as well as 2⇒ 3 and for this
reason we only need to prove the implications 1⇒ 2 and 3⇒ 2
9
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Proof that 1⇒ 2 Assume that x 7→ u(t, x)+ω+ γ/2 has compact support. From Proposition 2.2
and Corollary 2.1 we have
0 =
d
dt
∫
R
e±x
[
m+ ω +
γ
2
]
dx =
∫
R
e±x
[(
u+ ω +
γ
2
)2
+
u2x
2
]
dx,
which implies u+ ω+ γ/2 ≡ 0, that is, u(t, x) = −(ω + γ/2), everywhere the solution is defined.
In particular, evaluating the solution at t = 0 we are forced to conclude that u0(x) = −(ω + γ/2).
Since u0 ∈ H
4(R), then u0(x) → 0 as |x| → ∞, implying that ω + γ/2 = 0 and, consequently,
u ≡ 0.
Proof that 3⇒ 2 It is enough to prove that u ≡ 0.
Assume that Ω ⊆ [0, T )×R be an open set such that (t, x) ∈ Ω⇒ u(t, x) = 0. Then, there exists
real numbers a, b and t0 such that {t0}× [a, b] ⊆ Ω, but {t0} ×R $ Ω. Otherwise, the result is an
immediate consequence of Proposition 3.1.
Let f, F : R → R given by f(x) = u(t0, x)2 + u2x(t0, x)/2 and F (x) = (∂xΛ
−2f)(x). Since
u(t0, ·) is continuously differentiable, bounded, and both u(t0, ·) and ux(t0, ·) are integrable, then
f ∈ C0b (R) ∩ L
1(R) and F ∈ C0b (R) ∩ C
1(R) ∩ L1(R). In particular,
F (x) =
∫
R
∂x
(
1
2
e−|x−y|f(y)
)
dy =
1
2
∫
R
[
−sgn (x− y)e−|x−y|f(y)
]
dy.
We firstly note that f ≡ 0 if and only if u(t0, ·) ≡ 0. Then, if we show that f vanishes identically,
then Proposition 3.1 implies that u vanishes everywhere.
Let us proceed by contradiction, assuming that f is not identically 0. This means that u(t0, y) 6= 0
for some y, which implies on the existence of an open set V ⊆ R such that y ∈ V and f(y) > 0
for all y ∈ V .
Let S be the function given in Proposition 3.2. We note that∫
R
S(y)f(y)dy ≥
∫
V
S(y)f(y) > 0. (3.2)
Also, we have the inequalities
F (b) =
1
2
∫
R
[
−sgn (b− y)e−|b−y|f(y)
]
dy ≥
1
2
∫
R
[
−sgn (a− y)e−|a−y|f(y)
]
dy = F (a),
and, therefore,
0 ≤
∫
R
[
sgn (a− y)e−|a−y| − sgn (b− y)e−|b−y|
]︸ ︷︷ ︸
S(y)
f(y)dy = F (b)− F (a). (3.3)
Assume that F (b) = F (a) = 0. If this is true, then we reach to a contradiction between (3.2) and
(3.3). The proof that F (b) = F (a) = 0 is given in the Proposition 3.3 below. 
Proposition 3.3. Let F be the function given above. Then F
∣∣
[a,b]
≡ 0. In particular, F (a) =
F (b) = 0.
Proof. We note that the equation in (1.2), with γ = −2ω, can be rewritten as
mt + (1− ∂
2
x)(uux + 2ωux) + ∂x
(
u2 +
u2x
2
)
= Λ2
[
ut + (uux + 2ωux) + ∂xΛ
−2
(
u2 +
u2x
2
)]
.
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Therefore, on the solutions of the equation in (1.2), we have
∂xΛ
−2
(
u2 +
u2x
2
)
(t, x) = −
(
ut + (u+ 2ω)ux
)
(t, x)
We remember that u vanishes on Ω. Evaluating the expression above at t = t0 we have
F (x) = ∂xΛ
−2
(
u2 +
u2x
2
)
(t0, x) = −
(
ut + (u+ 2ω)ux
)
(t0, x) (3.4)
and then, for any x ∈ [a, b], we have F (x) = 0.
Proof of Theorem 1.3. Assume that u has compact support. Then there is an open set ∅ 6= Ω *
suppu such that u|Ω ≡ 0. The proof follows the same steps of the previous demonstration 3 ⇒ 2
and for this reason is omitted.
4 The periodic case
We present a more “to the point” demonstration of theorems 1.4 and 1.5. We point out that this
demonstration can also give a different proof to Theorem 1.3.
We begin with noticing the following remarks about the periodic problem (1.3):
Remark 4.1. Lemma 2.1 assures the existence of a local solution u ∈ C0 ([0, T );Hs(S)) ∩
C1 ([0, T );Hs−1(S)).
Remark 4.2. The periodic problem has the functional
H(t) :=
1
2
∫
S
[
u(t, x)2 + ux(t, x)
2
]
dx =
1
2
∫ 1
0
[
u(t, x)2 + ux(t, x)
2
]
dx =
1
2
‖u(t, ·)‖2H1(S)
independent of time.
Remark 4.3. If u : [0, T ) × R → R is compactly supported, then there exists an open and
connected set Ω $ [0, T )× R such that u|Ω ≡ 0.
Remark 4.4. In line with Remark 4.3, without loss of generality we can assume the existence of
t0 ∈ (0, T ) and 0 < a < b < 1 such that {t0} × [a, b] ⊆ Ω.
Remark 4.5. If f is a non-negative, periodic and continuous function, then
(Λ−2f)(x) =
∫ 1
0
cosh (x− y − ⌊x− y⌋ − 1/2)
2 sinh(1/2)
f(y)dy ≥ 0.
In particular, Λ−2f = 0 if and only if f ≡ 0.
We shall firstly prove Theorem 1.5 since Theorem 1.4 is an immediate consequence of it by notic-
ing that if u is a compactly supported solution of (1.3), then we have granted the existence of an
open set satisfying the conditions in Theorem 1.5.
Let u be a solution of (1.3) with compact support. By Remark 4.3 there exists an open and con-
nected set Ω such that u vanishes on it. Let t0, a and b be the numbers satisfying the condition in
Remark 4.4, f(x) = u(t0, x)
2 + ux(t0, x)
2/2 and F (x) = (∂xΛ
−2f)(x). By Remark 4.5, F ≡ 0 if
and only if f ≡ 0.
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We note that F satisfies (3.4), but now the action of the operator Λ−2 is given as in Remark 4.5.
Then we are forced to conclude that F (b) = F (a) = 0. By the Fundamental Theorem of Calculus
jointly with the identity ∂2xΛ
−2 = Λ−2 − 1, the fact that f(x) = 0, for all x ∈ [a, b], we have
0 = F (b)− F (a) =
∫ b
a
F ′(x)dx =
∫ b
a
(Λ−2f)(x)dx.
By Remark 4.5 we conclude that f ≡ 0 and, therefore, it is a foregone conclusion that u(t0, x) = 0.
This implies that H(t0) = 0 and the result is then a consequence of the conservation of the energy
of the solutions.
5 Applications
Here we show that theorems 1.1–1.5 can be applied to a large class of equations of the CH type.
We begin with observing that our results are trivially applicable to the CH equation because if we
take ω = γ = 0 in (1.2) we obtain

mt + umx + 2uxm = 0
u(0, x) = u0(x),
(5.1)
which is nothing, but an initial value problem involving the CH equation.
Several works [17, 20, 22, 24] have dealt with the equation
u˜t − α
2u˜txx + γ˜(u˜x − α
2u˜xxx) + 3u˜u˜x + λ˜(u˜− α
2u˜xx) = α
2(2u˜xu˜xx + u˜u˜xxx). (5.2)
Defining u˜(t, x) = u(t/α, x/α), λ := λ˜α and γ := γ˜α we can transform (5.2) in the equation
ut − utxx + γ(ux − uxxx) + 3uux + λ(u− uxx) = (2uxuxx + uuxxx). (5.3)
The parameter λ is assumed to be non-negative. If λ = 0 we recover the equation (1.2) with
ω + γ/2 = 0 whereas for λ > 0 we have a sort of DGH equation with non-conservative energy
functional, as we shall discuss below.
Let us consider the transformation (see [12])
u(t, x) = e−λtu
(
1− e−λt
λ
, x
)
=: e−λtv(τ, χ). (5.4)
Let n := e−λtm. A straightforward calculation reads:
m = e−λtn, ut = −λe
−λtv + e−2λtvτ , ux = e
−λtvχ,
mt = −λe
−λtn + e−2λtnτ , mx = e
−λtnχ,
(5.5)
where in (5.5) (·)τ and (·)χ denotes derivatives with respect to the first and the second arguments
of the functions involved.
Substituting (5.5) and (5.4) into (5.3) we get
nτ + vnχ + 2vχn + γηχ = 0. (5.6)
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Moreover, u0(x) = u(0, x) = v(0, x) and, therefore, the Cauchy problem

mt + λm+ umx + 2uxm− γmx = 0,
u(0, x) = u0(x),
(5.7)
is transformed, through the change (5.4), into the initial value problem (5.1) with γ = −2ω. As a
consequence, theorems 1.1–1.5 can also be applicable to this case. In the latter, adding the periodic
condition u(t, x+ 1) = u(t, x).
6 Discussion
Theorem 1.1 implies that for any t > 0 such that the solution of the initial value problem (1.2)
exists (as assured by Lemma 2.1), if m0(x) + ω + γ/2 has compact support, then this property
is extended for the function m(t, ·) + ω + γ/2. Differently from the DGH equation, in the CH
case the function m(t, ·) has compact support provided that m0 shares the same property, see [6,
Sec. II] and [10, Proposition 1]. For the CH equation it is not possible to guarantee that the support
of m(t, ·) is the same for each t > 0. Similarly, for the DGH equation we cannot affirm that
m(t, ·) + ω + γ/2 is supported on the same set for each t > 0. On the contrary, the proof of the
theorem indicates that the support may vary while t changes.
Theorem 1.2 says that if a solution of the problem (1.2), with initial data u0 ∈ H
4(R), vanishes on
a non-empty set Ω ⊆ [0, T )× R, then it not only vanishes on its whole domain, but also the own
solution is uniquely extended to any time t > 0 to the identically vanishing solution.
The key to prove this result was to fix a certain time and use the non-locality of the convolution to
prove that if a solution vanishes on a finite vertical segment on the (t, x)−plane, then it vanishes
over the whole straight line containing such segment and, therefore, in view of the conservation of
energy of the solutions of (1.2), it vanishes everywhere the solution exists.
The proof of the implication 3 ⇒ 2 in Theorem 1.2 is based on [14, Theorem 1.3]. We observe,
however, that our demonstration has some nuances when compared with that aforesaid. For ex-
ample, differently from [14], we used the conservation of energy to conclude that the solution
vanishes on its entire domain, as previously mentioned.
Once this fact is established, we can show that the unique compactly supported solution of (1.2)
is u ≡ 0. Here we assume that the initial data belongs to H4(R). This fact is well known for the
CH equation, see [6, Sec. II] and [10, Theorem 1], but as far as the author knows, it has not been
reported to the periodic DGH equation neither to weakly dissipative versions of this equation, both
in the real and periodic cases. For the real case of the DGH equation, there is a continuation result
due to Zhou and Guo [26] implying that if a solution of the (real) DGH equation is compactly
supported solution, then it necessarily is the identically vanishing one. However, their approach is
completely different from ours.
Although this work is strongly influenced by the references [6, 10], it is rather different of them
even if directly applied to the CH equation, since we firstly proved that if the solution vanishes on
some non-empty open set, then it vanishes identically and the property of having compact support
is implied by this fact.
We observe that if u(t, x) 6= 0, for some (t, x), is a solution of (1.2) with u0 ∈ H
4(E), then it
cannot be compactly supported for all t > 0. However, it might occur that u0 6= 0 be compactly
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supported and this is the unique value of t such that the solution can have this property. If such
situation occurs, then u(·, x) loses it instantly, as observed by Constantin [6, Remark at the end of
Section II]. On the other hand, provided that u(t, x) 6= 0 for some t, then surely u0 cannot vanish
identically due to the conservation of energy.
Last, but not least, we extended our results in an intrinsic way for weakly dissipative models
involving the CH and the DGH equations. Our idea here is quite similar to that of Lenells and
Wunsch [12] to extend the results regarding well-posedness of the CH and other related equations
to their corresponding weakly dissipative counter-parts. This enables us to reduce the unique
continuation property of solutions and the study of the compactly supported ones of the Cauchy
problem (5.7) to the problems (1.2) or (1.3) and, therefore, we can apply our theorems to them.
7 Conclusion
In this work we prove the unique continuation of solutions of the DGH equation (implication 3⇒ 2
of Theorem 1.2) and also we give a complete characterisation of the compactly supported solutions
of the DGH equation. We also extend our results to weakly dissipative models related to the CH
and DGH equations.
We observe that not only these results for the DGH are new, but also the approach used here,
which was influenced by analogous results for the CH equation, gives different demonstrations for
the same facts about the latter equation.
Finally, we extended the results of theorems 1.1–1.5 to a large class of equations of the CH and
DGH type, as shown in the Section 5.
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